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An index Theorem for gerbes. 



Abstract. 

In this paper, we define the notion of vectorial gerbe, an example of a vec- 
torial gerbe is the Clifford- gerbe defined on a riemannian manifold. We show 
an index theorem for these objects. This enables us to study the topology of 
riemannian manifolds. 

Introduction. 

In differential topology, the curvature tensors of riemannian metrics are very 
useful tools, for example, a compact manifold endowed with a metric whose 
sectional curvature is constant is the quotient of one of the following space 
by a discrete subgroup of isometries: a vector space endowed with the flat 
riemannian metric, the simply connected hyperbolic space, or the sphere S n . If 
the second Stiefel- Whitney class of a manifold N vanishes, there exists a vector 
bundle called the bundle of spinors which has many applications in differential 
topology. Suppose that the second Stiefel- Whitney class W2(N) of N is not zero, 
we deduce from the Giraud classification theorem, the existence of a gerbe whose 
classifying cocycle is W2(N) which is according to Brylinski, and McLaughlin [2], 
an illuminating example of gerbe. It is natural to study the relations between 
this gerbe and the topology of N. For example one may expect to generalize 
the Lichnerowicz theorem for spinors. On this purpose, we need first to prove 
an index theorem for gerbes, which is our purpose. 

In their preprint [6], Murray and Singer have shown an index theorem for 
bundle gerbes which is an example of the index formula of this paper. 

1. On the notion of vectorial gerbes. 

The aim of this section is to develop the notion of vectorial gerbes. First, 
we recall the definition of the notion of sheaf of categories on manifolds. 

Definition 1. 
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Let N be a manifold, a sheaf of categories C on N, is a map U — ► C(U), 
where J7 is an open subset of N, and G(/7) a category which satisfies the fol- 
lowing properties: 

- For each inclusion U — > V, there exists a functor m,v ■ C(V) — > G(t/) such 
that r^y o ry;w = fu,w- 

- Gluing conditions for objects, 

Consider an open covering family (£7i),g/ of an open subset U of N, and for 
each i, an object a;* of C(Ui), suppose that there exists a map gij : ry 4 ni7<,i7< ( x j) — * 
^c/inc/j.i/i^i)- Denote by the restriction of the map g ili2 to U^DU^ nU i3 , 
and suppose that (fe^ 13 <7i 2 i 3 n = 3ui 3 12 , then there exists an object x of G(t/) 
such that rui,u{x) — Xi. 

- Gluing conditions for arrows, 

Consider two objects P and Q of C(N), the map ?7 — > Hom(ru,N{P), tu.n{Q)) 
defined on the category of open subsets of N is a sheaf. 

Moreover, if the following conditions are satisfied, the sheaf of categories C 
is called a gerbe. 

Gl 

There exists an open covering family (Ui)iei of N, such that for each i, the 
category C(Ui) is not empty. 
G2 

Let U be an open subset of N, for each objects x and y of C(U), there 
exists an open covering family (£7i)i £ / of U, such that ru u jj{x) and ru^uiu) are 
isomorphic. 

G3 

Every arrow of C(U) is invertiblc. There exists a sheaf L of sections of 
a principal bundle over N such that for each object x of C(U), Hom(x,x) is 
isomorphic to L(U), by an isomorphism which commutes with restriction maps. 

The sheaf L is called the band of the gerbe C, in the sequel, we will consider 
only gerbes with commutative band. 

Notations. 

For a covering family {Uiji^i of N, and an object x^ of G(J7, 1 ), we denote by 
Xi^ i2 - - in the element rf/^n n^^ xfij^ (^ii); by t/^ iri the intersection n .. nC/j„ , 
and for a map /i^ : e ix — > e£ between two objects, e il and of CiU^), we 
denote by h^ 12 " 4p , its restriction to Ui 1 ..i p - Suppose that the objects of the 
category C(U) are vectors bundles, and consider s i± : — > , a section of 
the bundle defined over C/ il7 we denote by s^""* n its restriction to U il ,, in . 

Definition 2. 

A gerbe is a vectorial gerbe, if and only if for each open subset U of N, the 
category C(U) is a category whose objects are vector bundles over U, which 
typical fiber is the vector space V, and such that the maps between objects 
of C(U) are isomorphisms of vector bundles. The vector space V is called the 
typical fiber of the vectorial gerbe. The classifying cocycle of the gerbe is defined 



2 



as follows: there exists an open covering family (£/j)j£j of N, a commutative 
subgroup H of Gl(V), such that there exist maps g'^ : Ui n Uj — ► GZ(F), 
which define isomorphisms 

5^ : Ui n ?/,• x v — ► f/j n c/j x v 

(x,y) — > {x,gij(x)y) 

and such that Cf^jg — gi l i 2 1 ' 3 9i 2 ia 11 9iaii 12 1S the classifying Cech 2-cocycle which 
takes its values in the sheaf of iJ-valued functions. 

Example. 

The Clifford gerbe associated to a riemannian structure. 

Let N be a riemannian n-manifold, and O(N) the reduction of the bundle 
of linear frames which defines the riemannian structure of the manifold N. The 
bundle O(N) is a locally trivial principal bundle over N which typical fiber is 
0(n), the orthogonal group of n x n matrices. We have the exact sequence 
1 — > E /2 — ► Spin(n) — ► O(n) — ► 1, where Spin(n) is the universal cover of 
0(n). We can associate to this problem a gerbe whose band is E /2, defined 
as follows: for each open subset U of N, Spin(U) is the category of Spin(n)- 
bundles over U such that the quotient of each object of Spin(U) by E/2 is the 
restriction 0(U), of O(N) to U. The classifying 2-cocycle of this gerbe is the 
second Stiefel- Whitney class. 

One can associate to this gerbe, a vectorial gerbe named the Clifford gerbe 
Cl(N) which is defined as follows: for each open subset U of N, Cl{U) is the 
category whose objects are Clifford bundles associated to the objects of Spin{U). 
The gerbe Cl{N) is a vectorial gerbe. 

Let g'^ be the transitions functions of the bundle O(N), for each map gij, 
consider an element g^ over g 1 ^ which take its values in Spin(n). Then the 
element gij(x) acts on Cl(lR n ) by left multiplication, we will denote by hij(x) 
the resulting automorphism of Cl(M n ). The classifying cocycle of the Clifford 
gerbe is defined by the maps h ili2 13 hi 2 i 3 n h^ 12 . 

The gerbe defined by the lifting problem associated to a vectorial 
bundle. 

Consider a vector bundle E over N , whose typical fiber is the vector space V. 
One classically associate to E, a principal GZ(F)-bundle. We suppose that this 
bundle has a reduction E L , where L is a subgroup of Gl(V). Consider a central 
extension 1—*H—*G—*L—>1. We denote by tt : G —> L, the projection and 
suppose it has local sections. This central extension defines a gerbe Ch on N, 
such that for each open subset U of N, the objects of Ch(U) are G-principal 
bundles over U, whose quotient by H is the restriction of El to U. 

Suppose moreover defined a representation r : G — > Gl(W), and a surjection 
/ : W — > V such that the following square is commutative: 

w r M w 

(i) I / / 1 

V ^ V 
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then one can define the vectorial gerbe C'h.w on N such that the objects 
of Ch,w(U) are fiber products ejj oc r, where eu is an object of Ch{U). Let 
(Ui)i£i be a trivialization of E defined by the transitions functions g'^, we 
consider a map g^ : Ui f) Uj — ► G over 5'^ . The classifying cocycle of the gerbe 
C H ,w is defined by r(g ili2 l3 )r(g i2i3 11 )r(g i3il 12 ). 

Definition 3. 

-A riemannian metric on a vectorial gerbe C is defined by the following data: 
For each object ejj oiC(U), a riemannian metric <, > eu on the vector bundle 
eu- We suppose that each morphism h : ejj —> e'jj, between the objects eu and 
e'u of C(U), is an isomorphism between the riemannian manifolds (eu, <,> eu ) 
and (e'u, <, > e ' )■ We remark that the band need to be contained in a sheaf 
of sections of a principal bundle whose typical fiber is a compact group in this 
case, since its elements preserve the riemannian metric. 

An example of a scalar product on a gerbe is the following: consider the 
Clifford gerbe Cl(N), we know that the group Spin(n) is a compact group, its 
action on Cl(M n ) preserves a scalar product. This scalar product defines on 
each fiber of an object eu of Cl(U), a scalar product which defines a riemannian 
metric <, > eu on eu- The family of riemannian metrics <, > eu is a riemannian 
metric defined on the gerbe Cl(N). 

Definition 4. 

- A global section of a vectorial gerbe C associated to a 1-Cech chain (gij)ij, 
is defined by an open covering family (t/j)i£j of N, for each element i of /, an 
object ej of C(Ui), a section Sj of ej, a family of morphisms gij : e* — > e\ such 
that on Uij we have Sj = gij(sj). 

Let (si) ieI be a global section, on U ili2i3 we have: s i2 l3 = g i2 i 3 (s i3 t2 ), 
s^ 2 — gi 1 i 2 (si 2 11 ). This implies that the restriction s^ 43 ofs^ to [/j 1 j 2 j 3 verifies: 

V 2 * 3 = g^ ^ ^2 ^3 g^2^3 ^1 (s^ 3 ^1^2 ) = g^ 1 ^ 3 ^2 (s^ S ^1^2 )■ Or Cquivalcntly <fc h i2 ~ 1 g ilia ** 9l2l3 * (a h ) = 

Si 3 . Remark that the restriction of the element s i3 to Ui 1 i 2 i 3 is not necessarily 
preserved by all the band. 

Suppose that N is compact, and / is finite. We can suppose that there exists 
io such that T = Ui — Ui^i Ui is not empty. Consider a section s io of e io whose 
support is contained in T, then we can define a global section (ui) ie i such that 
u io = s io , and if i ^ i , Ui = 0. This ensures that S(gij) is not empty. We will 
denote by S(gij) the family of global sections associated to (gij)ijei- Remark 
that S(gij) is a vector space. 

Proposition 5. 

Suppose that the vectorial gerbe C is the gerbe associated to the lifting prob- 
lem defined by the extension l^H^G^L^l and the vector bundle E. 
Let r : G — > Gl(W) be a representation, we suppose that the condition of the 
diagram (1) is satisfied. Then for each G-chain g^, each element (sj)j S / of the 
vector space of global sections S(gij), there exists a section s of E, such that 
s\u, = f ° «i- 
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Proof. 

Let (si)i 6 j be a global section associated to the chain S(gij), then on Uij, 
we have s\ = gij(Sj), (where sj is the restriction of Si to Uij) this implies that 

on U^, f{sl) = g'ij(j '(«})) ■ Thus the family {,f(si))i e i of local sections of E 
defines a global section s of E. 

Remark. 

Let s be a section of the bundle E, locally we can define a family of sections 
Si of a, such that f(si) — s^.. We can consider the chain Sij — s\ — g i j(s t j). 
The family Sjk — Sjfe + is a 2-cocycle. Whenever there exists a chain gtj, 
a global section s — (si) ie i such that Si = gij(sj), and /(sj) = s\ Vi , it is not 
sure that such a global section exists for another chain hij. This motivates the 
following definition: 

Definition 6. 

We define the vector space L of formal global sections of the vector gerbe 
C, to be the vector space generated by the elements [s], where s is an element 
of a set of global sections S(gij). The elements of L, are finite sum of global 
sections. 

The Prehilbertian structure of S(gij). 

First we remark that S(gij) is a vector space. Let s, and t be elements of 
S(gij), we will denote by Si and U the sections of e, which define respectively 
the global sections s and t. We have si = gij(Sj) and t\ — gij(t l j) this implies 
that as\ + bt\ — (?ij(as* + 6t*-), where a and 6 are real numbers. 

- The scalar structure of S(gij). 

Let (Vfe, fk)keK be a partition of unity subordinate to (Ui)i^i, this implies 
that for each k there exists an i(k) such that T4 is a subset of U^)- Since the 
support of fk is a compact subset of 14, we can calculate J v ft < Su^) , ^(fc) > 
where Sjj(fc) and tjj(fc) are the respective restrictions of s i( - fc ) and to Vfc. 
Remark that since we have supposed that sj — gij(s l j) and gij is a riemannian 

isomorphism between e* and e^, if Vfe is also included in Uj^), then we have 
the equality < s u{k) ,t ll[k) >=< s Jj{k) ,t Jj{k) > on V k . We can define < s,t >= 

Y^kl < fkSii(k), fktii(k) >■ 

We will denote by L 2 (S(gij)) the Hilbert completion of the Pre Hilbert 
structure of (S(gij), <, >). 

The scalar structure on the set of formal global sections L. 

Let s and t be two formal global sections, we have s = [s ni ] + .. + [s„J, and 
t = [imi] + •• + [t m Ji where s ni and t mj are global sections. 

Wc will define a scalar product on L as follows: if s and t are elements of the 
same set of global sections S(gij), < [s], [t] >=< s, t >s( SiJ ), where < s, t >s( gij ) 
is the scalar product defined at the paragraph above. If s and t are not elements 
of the same set of global sections, then < [s], [t] >= 0. 
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Proposition 7. 

An element of L 2 (S(gij)) is a family of L 2 sections Sj of smc/i £/ia£ s\ — 
Proof. 

Let (s 1 )i^n be a Cauchy sequence of (S(gij), <, >). We can suppose that 
the open sets Vfc used to construct the riemannian metric are such that the 
restriction ef, of a, to Vk is a trivial vector bundle. The sequence (fkS 1 ^) 
is a Cauchy sequence defined on the support Tk of fk- Since this support is 
compact, we obtain that (fkS l H ^)i£N goes to an L 2 section of e\ . We can 
define Sj = ^ fc VknU .^ /fcSj(fc)- The family (sj)j e / defines the requested limit. 

Suppose that morphisms between objects commute with the laplacian A, we 
can then endow S(gij) with the prehilbertian structure defined by < u,v >= 
J < A s (u),v >, where s a positive real number, and A s (u) is the global sec- 
tion defined by A s (u) i = A s (ui). We will denote by H s (S(gij)) the Hilbert 
completion of this prehilbertian space. 

We will define the formal s-distributional global sections H s (L) as the vector 
space generated by finite sums [si] + ..[st] where Si is an element of an Hilbert 
space H s (S(gij)). 

Connection on riemannian gerbes and characteristic classes. 

The notion of connection is not well-defined for general vectorial gerbes, nev- 
ertheless the existence of a riemannian structure on a vectorial gerbe C, defined 
on the manifold N, gives rise to a riemannian connection on each object ejj of 
C(U), this family of riemannian connections will be the riemannian connection 
of the gerbe C. 

Let (U p ) pe p be an open covering of N, and so(V) the Lie-algebra of the 
orthogonal group SO(V) of V. Suppose that the objects of C{U P ) are trivial 
bundles. The riemannian connection of the object e p of C(U P ) is defined by 
a so(V) 1-form w p on TU P , and the covariant derivative of this connection 
evaluated at a section s p of e p is ds p + w p s p . The curvature of this connection 
is the 2-form £l p = dw p + w p A w p . 

The 2k eme Chern form of e p , c p 2k is defined by the trace Trace[{^VL p ) k }. 
Let e' p be another object of C(U P ). There exist isomorphisms <j) p : e p — > U p x V, 
4>' P '■ e ' p U p x V, and g p : e p — > e' p . The map (f>' p °g P ° ftp' 1 is an automorphism 
of U p x V defined by the map: h p : (x,y) — > (x,u p (x)yj). The riemannian 
p _1 <,>= <j) p ~ <,> is preserved by h p . This implies that c p 2k is equal to 
the Chern 2fc-form of e' . 

There exists an isomorphism between the respective restrictions e P of ej, 
and ep of e p to U p j. As above we can show that this implies that the Chern 
2fc-forms of e P - and e p coincide on U p Pi Uj. We can define a global form C2k{N) 
on N whose restriction to U p is c^ fc , which will be called the 2fc-Chern form of 
the riemannian gerbe. 
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We can define the c(C) = ci(iV) + ... + c„(A) the total Chern form of the 
gerbe, and the form defined locally by ch(C)\ Up = Trace(exp(i^)) the total 
Chern character. 

2. Operators on riemannian gerbe. 

We begin by recalling the definition of pseudo-differential operators for open 
subsets of M n , and for manifolds. Let [/, be an open subset of M n , we denote 
by S m (U) the set of smooth functions p(x,u) defined on U x M n , such that 
for every compact set K C U, and every multi-indices a and (3, we have || 
D a D fj p{x,u) \\< C a , , K (l+ || u ||) m -H, where D a is the partial derivative in 
respect to a. 

Let K(U) and L(U) denote respectively the space of smooth functions with 
compact support defined on U, and the space of smooth functions on U. We 
can define the map P : K(U) — ► L(U) by: 



where / is the Fourier transform of /. 
Definition 1. 

An operator on U is pseudo-differential, if it is locally of the above type. 
Definition 2. 

Let P be a pseudo-differential operator, {Ui)i^i an open covering family of U 
such that the restriction of P to Ui is defined by P(f) — fy, Pi(x, u) f (u)e l<x ' u> du. 

The operator is of degree to if a(p), u . = lim t ^ o Pi ^ u " 1 exists. In this case a(p) 
whose restriction to Ui is <y{p) u . is called the symbol of P. 

Let £ be a vector bundle over the riemannian manifold A, endowed with 
a scalar metric. We denote by K(E) and L(E) the respective space of smooth 
sections of E with compact support, and the space of smooth sections of E. An 
operator on the vector bundle E, is a map P : K{E) — > L(E) such that there 
exists an open covering family (Ui)iei of N which satisfies: 

- The restriction of E to Ui is trivial, in fact we suppose that Ui is the domain 
of a chart. 

- The restriction of P t , of P to U is a map P; : K{U l x V) -> L(U[ x V) 
where V is the typical fiber of E, and U[ an open chart of N. 

- If we consider charts fa and tpi whose domains are respectively U and 
U[, and such that fa(Ui x V) = 4> l {U' i x V) = U x M n , then the map P 4 is 
defined by a matrix (pm), where p^i defines an operator of degree to. More 
precisely, if s' is a section of E over Ui, and s = (si,..,s n ) = fa(s'), we can 



define t k = X^=i / Pki(x,u)si(u)e l<x - U> du, and Pj(s') = ••,*«)• 



Consider 5iV the sphere bundle of the cotangent space ir : T* N — > N , and 
n*E the pull-back of E to T*iV, the symbols defined by the operators Pij define 
a map a : n* E — > 7r*P. Consider now the projection n s : SN — > A, then cr 
induces a map crs : 7T5*P — » tts*E. 
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Let s be a positive integer we denote by H s oc (TV, E) , the space of dis- 
tributional sections u of E such that D(u) is a L 2 -section, where D is any 
differential operator of order less than s, and by H s comp (N, E) the subset of 
elements of H s loc (N, E) with compact support. Remark that if N is com- 
pact, then H s loc (N,E) = H s comp (N,E) in this case, we denote this space by 
H„(N,E). We define by H- s loc (N,E) to be the dual space of H s comp {N,E), 
and by H_ s comp (N,E) the dual space of H s loc (N,E). 

Suppose that TV is compact, then the Sobolev space H S (N,E) is a Hilbert 
space endowed with the norm defined by (|| J N < A s u, u >||)2. Every operator 
P of order less than m can be extended to a continuous morphism H s (N, E) — ► 
H.- m {N,E). 

We will adapt now the definition of an operator on a manifold to the defini- 
tion of operators on vectorial gerbes. 

Definition 3. 

Let C be a riemannian gerbe defined on the manifold N, an operator D of 
degree m on C, is a family of operators D e of degree m defined on each oject e, 
of the category C(U), for each open subset U of N. We suppose that for each 
morphism g : e — > /, D f g* = g*D e , where g*(s) = g(s). 

Remark. 

The last condition in the previous definition implies that D e is invariant by 
the automorphisms of e. The operators considered in the sequel will be assumed 
to be continue, and we will assume that they preserve C°°-sections. Thus an 
operator defines a map Df : H s comp {U, e) -> H l ™ m (U, e). 

Proposition 4. Let D be an operator of degree n defined on the riemannian 
gerbe C, then D induces a map D S t g ..\ : H s (S(gij j) — > H s _ n (S(gij)) and a map 
l) L ://.:/.. • //. „(/.:. 

Proof. 

Consider a global distributional section s which is an element of H s {S{gij)) 1 
we have gij(D e i (s*-)) = D e j (sf). This implies the result. 

The symbol of an operator defined on a gerbe. 

Let C be a vectorial gerbe defined on a compact manifold N endowed with 
the operator D of degree m, for each object e of C(U), we can pull back the 
bundle e by the projection map irsu ■ SU — > U to a bundle TrJ^e over SV, where 
5f7 is the restriction of the cosphere bundle defined by a fixed riemannian metric 
of T*N. The set Cg(U) which elements are Tr* su e where e is an object of C(U) 
is a category. The maps between objects of this category are induced by maps 
between elements of C(U). The map U — > Cs(U) is a gerbe which has the same 
band than C. Now on the object e, we can define a symbol o~ jj e : K* su e — ► K* su e. 

Remark that for every automorphism g of e, the fact that g* o D e = D e o g* 
implies that o- gDrg -i = ur> e - 
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Proposition 5. Rellich Lemma for the family S(gij). 

Let (/n)new be a sequence of elements of H s (S(gij)), we suppose that there 
exists a constant L such that || /„ || s < L, then for every s > t, there exists a 
subsequence f Uk which converges in H t . 

Proof. 

Let (s n )nGW be a sequence of sections which satisfy the condition of the 
proposition, and (V a , f a ) a partition of unity subordinate to (C/j)j e /. We sup- 
pose that the support of f a is a compact space K a . We denote by s l n the section 
of e* which defines s n , and by s l na the restriction of s l n to the restriction of 
to V a . The family (f a s l na ) -ffi-converges towards the element si a in V a by the 
classical Rellich lemma. We can write then s l — J^v nu- fa s ia- this is an H t 
map since the family of V a can be supposed to be finite, since N is compact. 
The family {s l ) defines a global iJt-section which is the requested limit. 

Remark. 

A compact operator between Hilbert spaces, is an operator which transforms 
bounded spaces to compact spaces. The previous lemma implies that if s > t, 
then the inclusion H s (S(gij)) — > H t (S(gij)) is compact, indeed since H s (S(gij)) 
is a separate space, a compact subspace of H s (S(gij)) is a set such that we can 
extract a convergent sequence from every sequence. 

Proposition 6. 

The space Op(C) of continuous linear maps of H s (S(gij)) is a Banach space. 
Proof. 

Let (D n ) nf z]N be a Cauchy sequence of elements of Op(C), for each global 
section s, the sequence D n {s) is a Cauchy sequence in respect to the norm of 
H s (S(gij)), we conclude that it converges towards an element D(s). The map 
D : s — > D(s) is the requested limit. It is bounded since (D n ) ne N is a Cauchy 
sequence. 

The previous proposition allows us to define O", the completion of the 
pseudo-differential operators in OP(C) of order n, and to extend the symbol a 
to O n . Now we will show that the kernel of the extension of the symbol to O n 
contains only compact operators. 

Proposition 7. 

The kernel of the symbol map contains only compact operators. 
Proof. 

The symbol <r(P) of the operator P is zero if and only if the order m of the 
operator is less than — 1. This implies that the operator P is compact. To see 
this, we can suppose our operator to be an L 2 (S(gij)) operator, by composing 
it by the inclusion map H 2 - m (S(gij)) — ► L 2 (S(gij), we conclude by using the 
previous Rellich lemma. 

We end this section by defining elliptic operators for gerbes. 

Definition 8. 
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We say that an operator is elliptic if the family of symbols ao e are invertiblc 
maps. 

3. if -theory and the index. 

In this part we will give the definitions of the if -theory groups ifo, and K\, 
and show how we can use them to associate to a symbol of an operator on a 
gerbe defined on N, an element of K (T*N). 

We will denote by M n the vector space ofnxn complex matrices. For 
n < m, we consider the natural injection M n — > M m . We will call ¥„, the 
inductive limit of the vector spaces M n , n G IN. 

Let R be a ring, p, and q be two idempotents of R^, = R <g> , we will 
say that p ~ q if and only if there exists elements u and v of Roo such that 
p = uv, and q = vu. We denote by [p] the class of p, and by Idem(Roo) the set 
of equivalence classes. If [p] and [q] are represented respectively by elements of 
R <g> M n and R ® M m , we can define an idempotent of R Cg) M„+ m represented 



Definition 1. 

We will denote by Ko(R), the semi-group Idem(R OD ), endowed with the law 
[p] + [q] = [p + q]. 

Let N be a compact manifold, and C(N) the set of complex valued functions 
on N. It is a well-known fact that for a complex vector bundle V on N, there 
exists a bundle W, such that V® W is a trivial bundle isomorphic to NxU 1 . We 
can thus identify a vector bundle over TV, to an idempotent of C(X)®Mi which 
is also an idempotent of C(X) OQ . This enables to identify Ko(N) to Kq(C(X)). 
In fact the semi-group Kq(C(X)) is a group. 

Let Gl n (R) be the group of invertible elements of M n (R), if I < n we have 
the canonical inclusion map Gh(R) — ► Gl n (R). We will denote by GZoo(-R), the 
inductive limit of the groups Gl n (R)- 

Definition 2. 

Let Gl 00 (R)o be the connected component of Gloo(R). We will denote by 
ifi(i?) the quotient of (^(i?) by Gl 00 (R) a . 

For a compact manifold AT, we denote Ki(C(N)) by Ki(N). 
Consider now an exact sequence — > i?i — > R2 — ► -R3 — > of C*-algebras, 
we have the following exact sequence in if -theory: 



Let H be an Hilbert space, we denote by B(H) the space of continuous 
operators defined on H, and JC the subspace of compact continuous operators 
of B(H). We have the following exact sequence: 




#0(^3). 



-► AC B(W) B{H)/K, = Ca^Q. 
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The algebra Ca is called the Calkin algebra of TL. It is a well-known fact 
that K (JC) = E. 

Let N be a riemannian manifold, and C a ricmannian gerbe defined on TV. 
Consider an elliptic operator D defined on C, of degree I. The operator D 
induces a morphism: D : L 2 (S(gij)) — > H2-i(S(gij)). Consider the operator 
(1 — A)~ m of degree —I. The operator D' = (1 — A)~ rn D is a morphism of 
L 2 {S{g lJ )). The symbol of (1 - A)~ m D is also ct(£>). This implies that the 
image of the operator D in the Calkin algebra of L 2 {S{gij)) is invertible. It 
thus defines a class [c(-D')] of K\{Ca). The image of [a{D')\ in K (K,) is the 
index of D. We remark that the index of the operator depends only of the 
symbol. 

For every object e of C(U), the symbol a(D e ) is an automorphism of irsu* e , 
it defines an element [a{D e )\ of K\(C{S{U))) (recall that S{U) is the cosphere 
bundle over U defined by the riemannian metric). 

Remark. 

Let U be an open subset such that the objects of C(U) are trivial bundles. 
Consider an object e of C(U), and a trivialization map (f) e : e — > U x V. For 
every object / of C(U), we have ^e" 1 {o~D e ) = <Pf~ ( a D f )- 

Proposition 3. 

Let C be a vectorial gerbe defined over the compact manifold N, and U an 
open subset of N, there exists a trivial complex bundle f n = Nx C n , such that 
each object ofC(U) is isomorphic to a sub-bundle of the restriction of f n to U. 

Proof. 

Let (Ui)i<zi be an open finite covering family of N such that for each i the ob- 
jects of the category C{Ui) are trivial bundles. Let eu be an object of C(U), the 
restriction of e to Ui is a trivial vectorial bundle. We consider a fixed object e° 
of C(Ui). Consider a finite partition of unity (f p ) p ei...,i subordinate to the cover- 
ing family (J7j)ie/, and gi : e° — > V the composition of the trivialization and the 
second projection. Let hi : ej — > e\ be an isomorphism, we can define the map 
k : eu -> C ldimV such that k(x) = {h{-K eu {x))gxh x {x), .., fi{-K eu {x)) 9l hi{x)). k 
induces a map K : N — > G p (JJ n ), where p = dimV n = ldim(V), and G p {IJ n ) 
is the Grassmanian of p-complex plane of U n ; eu is the pulls-back of the canon- 
ical p- vector bundle over G p (U n ). We remark that it is a subbundle of the 
pulls-back of the trivial bundle G p (JJ n ) x 17™. 

The orthogonal bundle of eu in the previous result can be chosen canonically 
by considering the orthogonal bundle of the canonical _C p -bundle over G p {C n ) 
in G p {C n ) x C n . We will suppose that this bundle is chosen canonically in the 
sequel. 

Proposition 4. 

Let C be a riemannian gerbe defined over the compact manifold N . Then 
we can associate naturally to the symbol of the elliptic operator D, a class [ctd] 
in Ki(T*N). 
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Proof. 

Let (Ui)i£i, be a finite open covering family of N such that for each i, each 
object of ej of C(Ui) is a trivial bundle. Consider for each i a trivialization 
4>i '■ £i — ► C/j x V, the map <^ 1 * (crx? e ) is an automorphism of the bundle 

( /'i~ 1 *( 7r s*(e)) = S e (Ui). This enables to extend §~ x *{od c . ) to a morphism of 
the restriction of the pull-back of /„ to SUi completing by 1 on the diagonal 
since the orthogonal of ejj is chosen canonically. It results a morphism a' D of 
C(N) ® L m , that is as an element of C(S*N) <g> Gl(V). This clement defines 
the requested element [a' D ] of K^C^N) ® M„) ~ ^(C^iV)). 

Let B*iV be the compactification of T*N whose fibers are isomorphic to the 
unit ball. We consider the bundle B*N/T*N that we can identify to the sphere 
bundle S*N. We have the following exact sequence 

-» C (T*N) -► C{B*N) -► C{S*N) -► 0. 

This sequence gives rise to the following exact sequence in if-theory: 

jri(<7(S"JV)®M n ) -> K a (C(T*N)®M n ) -> K (C(B* N)®M n ) if (C(S*iV)®M„) 

We can define the boundary 5([<r^]) which is an clement of K (T*N <x> M n ) ~ 
K (T*N). 

Proposition 5. 

ITie mcfez: o/D depends only of the class of 6([a' D ]) in Kq{T*N). 
Proof. 

We remark that the image of a symbol by the map K\{S*N <8> M n ) — ► 
K (T*N ® M n ) is zero, if it is the restriction of a map defined on _B*7V. This 
implies that this symbol is homotopic to a function which depends only of N. 
Thus the operator it defines is homotopic to a multiplication by a function whose 
index is zero. 

We end this part by answering the following question: let N be a manifold 
endowed with a gerbe C, which is the union of two open sets U\ and U 2 such 
that there exists objects e\ and e 2 of the respective categories C(U\) and C([/ 2 )- 
Given operators D ei and D e2 on e\ and e 2 , is it possible to associate to these 
operators an element of the if -theory? We do not request any compatibility 
between D ei and D e2 . 

The vectors bundles ei and e 2 are sub-bundles of the respective trivial bun- 
dles Ui x C n and J7 2 x JJ P . Let SU\ and SU 2 be the restriction of the sphere 
bundle of the cotangent space of N to U\ and U 2 , we can canonically extends 
the symbols of D ei and D e2 , to respective automorphisms gd 1 and <td 2 of i*\ = 
S[/ixr fc , andF 2 = 5J7 2 x E p , thus elements of -K"i(C(t/i)<8>M n ) = #i(C(f7i)), 
and ^i(C(J7 2 ) ® M n ) = #i(C(f7 2 )), where C(?7i) and C(U 2 ) are respectively 
the set of differentiable functions of U\ and U 2 . 
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The Mayer- Vietoris sequence for algebraic if-theory gives rise to the se- 
quence 



K 2 (C{S{U 1 nU 2 )) -» K^CiSN)) K 1 (C{SU 1 ))(BK 1 (C{SU 2 )) -» *Ti(C((S(t/int/ 2 ))) 



if the image of [o\d c1 ] + [°T>c 2 ] m the previous sequence is zero, then there exists 
a class [<jd] of K\(SN), whose image by the map of the previous exact sequence 
is the clement [a Dei ] + [a De2 ] of K^CtSUx) © K 1 (C(SU 2 )). The class [a D ] is 
not necessarily unique. 

3. The index formula for operator on gerbes. 

Now, we will deduce an index type theorem for riemannian gerbe. We know 
that the Chern character of the cotangent bundle induces an isomorphism: 



Consider Vect(Ind) the subspace of K (T*N) generated by up, where P is 
an operator on the riemannian gerbe. It can be considered as a subspace of 
H* ven (N,]R). The map Vect(a P ) -> M determined by ch([a P ]) -> ind(P) can 
be extended to a linear map H c even (N, M) — ► M. 

The Poincare duality implies the existence of a class t(N) such that 



4. Applications. 

We will apply now this theory to the problem which has motivated is con- 
struction. 

Let N be a riemannian manifold, consider the Clifford gerbe on N, Let 
{Ui)i£i be an open covering of N, the riemannian connection wc is defined by 
a family of so(n) 1-forms Wi on Ui which satisfy Wj — ad(gij~ 1 )wi + gij~ 1 dgij. 
The covariant derivative of the Levi-Civita connection is d + Wi. We will fixes 
an orthogonal basis (ei, ..,e„) of the tangent space TUi of Ui. and write Wi = 
Sfc=i w ik e k- we can define the spinorial covariant derivative by setting <fnj = 
— jWij. In the orthogonal basis (ei,..,e„) we have <j) ej — J2k i 4>kiki e kei, with 
<j>ki = -<j>ik- 

The Dirac operator. 

Let eu be an object of Cl(U), Ui a trivialization of Cl(U), we will define 
D e[ , = X)fc=i e i^spin e ., On each object ejj of C(U), we have the Lichnerowicz- 
Wcitzenbock formula: D 2 = V*V + js, where s is the scalar curvature. In 



K (T*N) ®1R^ H e c ven {N, R) 



x ® t — > tch(x) 
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this formula V*V is the connection laplacian. We will say the global spinor is 
harmonic if D ei (si) — 0, for each Sj. 

Proposition 1. 

Suppose that the scalar curvature s of N is strictly positive, and N is compact 
then every harmonic global spinor is 0. 

Proof. 

Let ip be an harmonic global spinor, we can represent ip by a family of spinors 
Si defined on an open cover (t/j)jgi of N, we have on each Ui, D ei (s^ = 0, this 
implies that D ei 2 (si) = 0, we can write 

/ < VV*s,;, Si > + < -sSi,Si >= 
JUi 4 

this implies that J N s = 0, which contradicts the fact that the scalar curvature 
is strictly positive. 

Corollary 2. Suppose that the sectional curvature of a compact riemannian 
manifold is strictly positive then the class t(N) associated to the index formula 
for operators on the gerbe Cl(N) is zero. 
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